Abstract: We study parameters of an extended standard model. The neutrino sector is enlarged by one or two right-handed singlet fields and the Higgs sector contains one additional doublet. One-loop radiative corrections generate the mass for the light neutrino fields. The numerical analysis is performed varying the masses of heavy neutrinos and of the additional neutral Higgses. The parameters of the neutrino sector, allowing for the seesaw type-I mechanism, are restricted by experimental neutrino oscillation data. Both normal and inverted hierarchies of the light neutrino masses are discussed.
Introduction
The precise interpretation of the neutral lepton fields in the particle physics Lagrangian is not settled yet, owing to the very small mass of the known neutrinos and the weakness of their interaction with other particles [1] . The observed neutrino oscillations support the notion that neutrinos have non-vanishing masses, calling for a modification of the Standard Model (SM). The size of the neutrino mass is not the only puzzle to solve. Absence of an electrical charge allows neutrinos to be their own antiparticles. The nature of the neutrinos -whether they are Dirac or Majorana particles -might be determined by future experiments.
The Standard Model considers neutrinos as massless. Adding heavy right-handed neutral singlets and additional Higgs doublets, the authors of ref. [2] combined the seesaw mechanism (type-I) with the radiative mass generation. The spontaneous symmetry breaking (SSB) of the SM gauge group leads to a Dirac mass term for neutrinos. The assumption that neutrinos are Majorana particles allows an additional term in the Lagrangian, namely, the Majorana mass term for the heavy singlets.
The model parameters allow small masses of the light neutrinos that are compatible with the experimental observations. We use this model in the formulation of Grimus and Lavoura [3, 4] , restricting the number of additional Higgs doublets to one. We consider only 1-loop corrections to the neutrino mass matrix. The case of three additional heavy neutrinos added to three light neutrinos was studied e.g. in ref. [5, 6] . We assume either one or two heavy neutrinos. Our preliminary results were presented at several conferences [7] [8] [9] [10] [11] . Here we provide a more complete description of the performed numerical analysis.
Our extended model has several subsets of the parameters. The neutrino sector is characterized by the masses of the heavy neutrinos (either one or two), and the strength of the coupling to the neutral Higgs fields. The masses of three light neutrinos are the result of our model parameters. They are subject to experimental constraints, namely the experimental neutrino mass differences, ∆m 2 and ∆m 2 atm , as well as the experimental neutrino oscillation angles θ 12 , θ 13 , and θ 23 [12] . To estimate the neutrino oscillation angles from the neutrino mixing matrix we follow the ideas of ref. [13] . More details are given in appendix B. It should be noted that experimental data is usually interpreted in the "3 × 3" neutrino mixing model [1, 12] , i.e. three flavoured neutrinos are considered as mixed states of three neutrino mass-eigenstates. We did not attempt to reinterpret the results in the context of an extended neutrino model. We expect the effect to be negligible.
We parametrize the Higgs sector along the analysis of [14] . The Yukawa couplings are parametrized similarly to Grimus and Lavoura [3, 4] , which coincide with [14] in the Higgs sector. For the numerical analysis we take the mass of the SM Higgs boson as m H 0 1 = 125 GeV [15] and allow the masses of two heavier Higgs bosons to vary in the range from 126 to 3000 GeV.
The outline of the paper is following. Section 2 reviews the seesaw mechanism and the formalism of the two-Higgs-doublet model as used in our analysis. Sections 3 and 4 describe our main results, namely, the calculated light neutrino mass spectra and the analysis of free parameters. Our findings are summarized in section 5. For completeness, the appendix section A describes the features of the weight vectors b i that relate the scalar Higgs fields to their mass eigenfields, and section B gives the details of the oscillation angle calculation.
complex doublets of our model in a unique way , respectively, are linear superpositions of the neutral fields H 0 1r , H 0 2r , and H 0 2i . Following the formulation of Grimus and Lavoura [3, 4] these linear superpositions are conveniently expressed by where c 1j = cos α 1j and s 1j = sin α 1j are given by the angles that describe the mixing of the neutral Higgs fields. Restricting ourselves to CP conserving cases we use the analysis of ref. [14] , where the authors discuss the CP-invariant Higgs potential in the 2HDM framework under various basis-independent conditions. The possible overall phase, that can be written in front of the second Higgs doublet and that acts like a mixing angle α 23 between H 0 2r and H 0 2i , is used to define the CP-property of the mass eigenstates, corresponding to their coupling to fermions, taking H 0 2 to be CP-even and H 0 3 to be CP-odd. ), which are listed in Table 1 . A study reported in [16] suggests that generality is not lost assuming − π 2 α 12 , α 13 < π 2 . We performed the numerical analysis of the neutrino mass spectrum considering the named cases. In some situations we refer to those cases as "scenarios." Table 1 . Basis-independent conditions for a CP-conserving 2HDM scalar potential and vacuum [14] . α ij label the mixing angles of neutral Higgses, m H 0 2 and m H 0 3 denote the masses for CP-even and CP-odd Higgses.
The Yukawa couplings
Using the vector-and-matrix notation, the Yukawa Lagrangian for the leptons is expressed by [3, 4] 
The quantities R and ν R are the vectors of the right-handed charged leptons and the right-handed projection of the neutrino singlets, respectively. L and ν L form the lepton doublet under the weak interactions and combine with the Higgs doublets φ k to form SU (2) weak -invariant terms. They are also vectors in generation-space, n L = 3 denoting the three generations of the SM. The Yukawa coupling matrices Γ k have a dimension n L × n L , while ∆ k have a dimension n R × n L , where n R is the number of singlet neutrino fields.
Taking the bilinear terms of eq. (2.4), which means taking only the vev from the Higgs doublets, we get the Dirac mass terms for charged leptons and neutrinos:
and
These have to be diagonalized using a singular-value decomposition (SVD) like in the SM to get the correct definition for the mass eigenstates that will describe the physical particles. Having done this transformation to the mass eigenstates, which we write down as the fields appearing in eq. (2.4), the respective transformation matrices reappear in two unique combinations, V CKM and V PMNS , in the interactions with the charged gauge bosons W ∓ or the charged scalar bosons H + and G + , giving the charged current Lagrangian
where g is the SU (2) gauge coupling constant. We give this part of the Lagrangian only as a reference, to show what neutrino experiments measure, as this PMNS matrix V PMNS is the basis for the interpretation of experimental data in the "3 × 3" neutrino mixing model [1] .
Neutrinos at tree level
The singlet neutrinos, added to the SM, are neutral with respect to all gauge groups of the SM. This offers the possibility that they are Majorana particles, allowing to write a Majorana mass term for them. Since the Lagrangian has to be a scalar with respect to Lorentz transformations, we have to combine a spinor with itself in a Lorentz invariant way. The only chance for Dirac spinors is to use the charge conjugation matrix C, which also appears in the definition of the Lorentz covariant conjugation 1 for spinorŝ
The Majorana condition can now be written aŝ
where η ψ is the Majorana phase. Assuming ν R to be n R Majorana fermions we can write down a Majorana mass term as 10) where the order of M R and C is irrelevant, as these matrices act on different indices of the spinor ν R : C is a 4 × 4-Dirac matrix, connecting the spinor indices of ν R , whereas M R is a symmetric n R × n R matrix, acting on the "generation" index of ν R . Since the mechanism generating the Majorana mass is not known, we assume the singlets ν R to be already in the mass eigenstate of M R . This means, we assume M R to be diagonal, containing the Majorana masses of the heavy singlets:
Together with the Dirac mass, coming from the Yukawa terms eq. (2.4), the mass terms for the neutrinos are
and can be written in a compact form by introducing an (n L + n R ) × (n L + n R ) symmetric neutrino mass matrix
The neutrino mixing matrix M ν can be diagonalized [2, 4] using the properties of the singular-value decomposition of a symmetric matrix 
where the submatrix U L is n L × (n L + n R ) and the submatrix U R is n R × (n L + n R ). These submatrices obey certain unitarity relations:
(2.15) Combining with eq. (2.13), we can obtain the following relations:
With these submatrices of U , the left-and right-handed neutrinos can be written as linear superpositions of the n L + n R physical Majorana neutrino fields χ i :
where P L and P R are the projectors of chirality. Switching to the physical Majorana mass states χ, we have to express the couplings using the matrices U L and U R . The loop corrections, described in the next subsection, depend on the neutrino couplings to the Z-boson and to the neutral Higgses. Interaction with the Z boson is given by 18) where c w is the cosine of the Weinberg angle. The Yukawa couplings for the neutral scalars take the form 
(2.20)
Loop corrections to the neutrino masses
We are interested in radiatively generated neutrino masses at one-loop level. The largest influence from the corrections to the neutrino mass matrix has the neutrino Majorana mass term δM L , since this submatrix is zero at tree level, M L | tree = 0. The contributions from charge-changing currents are subdominant [3, 4] . We calculate the radiative light neutrino masses following ref. [3] . Once the one-loop corrections are taken into account the neutral fermion mass matrix is given by and Goldstone G 0 bosons are determined by eqs. (2.18) and (2.19) . Each diagram contains a divergent piece but the sum of the three contributions yields a finite result. The expression for one-loop corrections is given by (see e.g. [3] ) 22) where the sum index k runs over all neutral physical Higgses H 0 k .
3 Results for the case n R = 1
General parameterization
First we consider a minimal extension of the standard model by adding only one righthanded neutrino field ν R to three left-handed fields ν L . This simple model is useful because it has a small number of parameters. It allows us to obtain relations between the free parameters and the light neutrino masses. For the study using the general parameterization (reported in [7] ), we fix the Higgs sector by choosing a specific CP-conserving set of vectors b:
We use a parameterization of the Yukawa matrices ∆ 1 and ∆ 2 in the following form:
We further assume that the linearly independent vectors are normalized, | a 1 | = | a 2 | = 1, and equal total strength of the couplings. Using the block form, diagonalization of the symmetric neutrino mass matrix at tree level M (0) ν (2.12) can be written as
3)
The non-zero masses inM
h can be determined analytically by finding the eigenvalues of the hermitian matrix
. These eigenvalues are squares of the neutrino masses,M
correspond to the seesaw mechanism. We diagonalize the tree-level neutrino mass matrix M (0) ν using a diagonalization matrix U tree made of two diagonal matrices of phases and three rotation matrices:
The angle β is determined by the masses m
h . The dependency of φ i and α i on m D and a 1 may be expressed analytically. The diagonalization matrix U tree is unitary because the rotation matrices U ij and the diagonal phase matriceŝ U φ andÛ i are all unitary.
Diagonalization of the neutrino mass matrix with the one-loop corrections included, M
(1) ν in eq. (2.21), is performed numerically using a unitary matrix
where U egv is an eigenmatrix of M
ν , andÛ ϕ is a phase absorption matrix. As discussed already in ref. [2] , the heaviest light neutrino obtains mass at tree level from the seesaw mechanism. The second light neutrino obtains mass from radiative corrections. The lightest neutrino remains massless.
The numerical evaluation of the model parameters and of the masses of the light neutrinos proceeds in several steps. First, the mass matrix for the tree level is constructed. The lightest neutrino remains massless in this model, m l 1 = 0. Using the central values of the experimental neutrino mass differences, we estimate the mass of the heaviest light neutrino and use it as an input parameter m in l . The value of m R is another input parameter. Using the seesaw relations (3.4) and (3.5), we evaluate m D = m R m in l . The vector a 1 is generated randomly. This fully determines the tree-level neutrino mass matrix M } is generated. The study suggested a lower limit of 830 GeV for the mass of the heavy singlet [7] .
Reduced parameterization
For the Higgs sector we use the values of the orthogonal complex vectors b listed in Table 1 are generated randomly in the range from 126 to 3000 GeV. The light neutrino fields can be transformed in such a way that a 1 = 0, 0, 1 , and a 2 = 0, n, n with real numbers m D , n > 0, and a complex number n . Due to the assumed normalisation conditions | a 1 | = | a 2 | = 1, there are only two independent parameters, namely, the real number n (n ≤ 1), and a complex phase φ:
A similar case was studied in sect. 4 of ref. [2] without the assumption | a 2 | = 1. Since the goal was to demonstrate that one of the massless neutrinos can obtain mass through the 1-loop radiative corrections, only the expressions are given there. In addition, the masses of the lightest and the heaviest light neutrinos do not change going from the tree level to the 1-loop-corrected level in the analysis of ref. [2] . The numerical evaluation of the model parameters and the masses of the light neutrinos in the case of the reduced parameterization is done similarly to the general case, described above. At the one-loop accuracy, our model will predict a vanishing mass for the lightest neutrino. If we use this value directly, the measured neutrino mass differences would lead to highly restricted values of the neutrino masses. In order to reduce the impact of a starting point to our analysis we allow the lightest neutrino to have a small non-vanishing mass, m in
. Using the central values of the experimental neutrino mass differences, we determine the largest initial value of the light neutrino masses m in l . Selecting the value of m R , the value of m D is evaluated from the seesaw relation, eq. (3.4). Since the vector a 1 is fixed in this case, the tree-level neutrino mass matrix M (0) ν is fully defined as an input quantity at this point.
Solving the eigenvalue equation, we get the tree-level masses of the heaviest light neutrino m h . The diagonalization matrix U tree is constructed from a rotation matrix and a diagonal matrix of phases: U tree = U 34 (β)Û i . Then one-loop corrections to the neutrino mass matrix are evaluated, and the parameters defining a 2 enter into the further evaluation. Diagonalization of the 1-loop neutrino mass matrix M . For the calculation of ∆m 2 ij we assume the mass of the lightest neutrino to be the input value m in
with the justification, that it could be generated by a two-loop contribution. If the calculated mass differences 10) and the determined value of θ 23 ≈ θ atm (as described in the next paragraph) are compatible with the experimental data on oscillations, the model parameter set is kept. Otherwise, another set of input parameters {m in
} is generated. The results of the 1-loop corrected calculations are subject to the constraints from the experimental data on solar and atmospheric neutrino oscillations [12] . The neutrino mixing angles are determined from a factorization of the diagonalization matrix U loop into terms where the PMNS matrix is included explicitly, following the ideas of ref. [13] . (The method is described in detail in appendix B.) For the case n R = 1 it is possible to find exact analytical expressions for the mixing angles, Dirac and Majorana as well as non-physical phases. The oscillation angles are constrained by the experimental data in the sense that having a randomly generated set of the input parameters we derive the 1-loop corrected results and require that the estimated mixing angles are consistent with the experimental values in the 3σ range. It should be noted that this reduced parameterisation has only one non-vanishing neutrino mixing angle, namely, the atmospheric neutrino mixing angle θ atm , because the vectors a 1 and a 2 have the same vanishing component (a 11 = a 21 = 0). In a more general case, all three oscillation angles are non-zero.
Distributions of the atmospheric oscillation angles for the cases I and II are shown in figure 1 . The plot on the right shows the case I that is similar to the cases IIIa and IIIb. This distribution is narrower than the one obtained in the case II. The distribution for the case I has a well pronounced peak at around 45 degrees, while the probability to have an oscillation angle θ 23 in the range from 25 to 65 degrees is nearly flat in the case II. Since only two light neutrinos acquire mass in the case of n R = 1 with 1-loop correction included, only normal ordering of neutrino masses is possible. Assuming that the lightest neutrino mass m l 1 = 0, we obtain a fixed spectrum of light neutrinos with m l 2 = 8.7 ± 0.3 meV and m l 3 = 50.6 ± 2 meV. However, the peak of the derived distribution of the oscillation angle θ atm is shifted from the experimental value. Figure 2 illustrates the neutrino mass spectrum for three different scenarios given in Table 1 , assuming m l 1 = m in = 0. All scenarios with n R = 1 produce distributions of neutrino masses which differ from each other by value. In the n R = 2 case (which is discussed below), all distributions look very similar, regardless of the scenario. The cases IIIa and IIIb have similar distributions, therefore no reference to the case 'a' or 'b' is given in the plot. The mass of the heaviest neutrino m l 3 reaches the highest value of 140 meV, when m h = 10 4 GeV in the case III. The lowest value of m l 3 = 70 meV is obtained when m h = 10 10 GeV in the cases I and II. The mass of the intermediate light neutrino m l 2 reaches the highest value of 121 meV, when m h = 10 4 GeV in the case III, and the lowest value of m l 2 = 48 meV is reached when m h = 10 10 GeV in the case I.
We observe a particular relationship between the values of the masses of light and heavy neutrinos. The calculated masses of the light neutrinos decrease, if the heavy neutrino mass increases. This dependence emerges from the relation of m h to θ atm . The value of m in has to get lower as ν R gets heavier in order to keep the most probable value of the oscillation angle within the experimental range of 3σ (this range is marked by boxes in figure 1 ). The narrow bands of the values of m l 2 and m l 3 are formed by a relatively high value of m in and the restrictions on the mass differences. The results suggest that the lowest limit of the heavy neutrino mass is 10 4 GeV.
The allowed values of the Higgs masses (other than the SM Higgs) are illustrated in figure 3 as a function of the heavy singlet mass m h . A band structure is formed according to the choice of vectors b (see Table 1 ) and the values of the free parameters n and φ, which are displayed in The values of the Higgs masses displayed in figure 3 satisfy the experimental restrictions [1] of the oblique parameters S, T, and U, introduced by Peskin and Takeuchi [20] . These oblique parameters define combinations of observables that quantify deviations from the SM predictions. The experimental electroweak precision data yields values compatible with SM. We estimated these parameters using the algorithm implemented in the two Higgs doublet model calculator (2HDMC) [21] taking recent values of SM parameters [1] . The values of the oblique parameters are functions of masses of the three neutral (m H
) and one charged (m H ± ) Higgs boson, and an additional factor that is related to the mixing angles of the neutral Higgses. This factor, defined as sin(β − α) in ref. [21] , equals to cos(α 13 ), cos(α 12 ), and 1 in the scenarios I, II, and III of Table 1 , respectively. The estimated masses of the neutral Higgses and their mixing angles in our model are discussed above. The mass of the charged Higgs m H ± is allowed to take values in the range of 126-3000 GeV. This defines the parameter space to estimate the values of S, T, and U. The calculated curves of S and U are mostly contained within the experimental bounds. The experimental limits on T are narrower as compared to the calculated distribution of T. A similar observation on the restrictive power of the oblique parameters is made in ref. [22] . These limits can be used to restrict the mass of the charged Higgs boson. If the values of all three oblique parameters are compatible with the experimental data and the allowed value of m H ± is within the studied range, the tested set of model parameters is kept. Otherwise, another set of parameters is generated. Using a stronger constraint of U = 0, which is also compatible with SM, about 35%-45% of the values in figure 3 satisfy the experimental restrictions [1] . In this case the majority of m H 0
2,3
values fall in the range of 126-1500 GeV.
Distributions of the free parameter a 23 , part of the neutrino couplings to the second Higgs doublet, are shown in Fig. 4 . When the mass of the heavy singlet m h increases, the absolute value of the parameter |a 23 In summary, tuning the value of m in , and restricting the light neutrino mass differences to the experimental central values within 1σ and the angle of oscillations θ 23 = θ atm within 3σ, we determined the lowest limit of 10 4 GeV for the mass of the heavy neutrino singlet.
4 Results for the case n R = 2
General parameterization
If we add two singlet fields ν R to three left-handed neutrino fields ν L , the radiative corrections give masses to all three light neutrinos. In the general case we parameterize
with 12 complex parameters of a i and b i , where i = 1, 2. We further assume that the vectors are normalized, | a i | = | b i | = 1. A specific set of the vector b values (3.1) was used for this study.
Numerical evaluation of the model parameters and the masses of the light neutrinos is performed in several steps. First, the neutrino mass matrix for tree level is constructed. The lightest neutrino is massless at tree level, m , are estimated from the experimental neutrino mass differences like for the case n R = 1. Entries of the heavy neutrino mass matrix, M R = diag(m R 1 , m R 2 ), are input parameters. The eigenvalue equation in the block form is: Table 2 . Textures of Dirac matrices used for calculations of the light neutrino mass spectra for normal and inverted hierarchies in four different cases of the 2HDM vectors b, listed in Table 1 .
. The values of m Da and m D b are evaluated through the seesaw equations, relating m D , m R on one side and m l , m h on the other side: ν , andÛ ϕ is a phase matrix. This procedure yields masses for all three light neutrinos. If the calculated mass differences are compatible with the experimental data on neutrino oscillations, the model parameter set kept. Otherwise, another set of input
} is generated. The numerical analysis with the full set of parameters, constrained only to the experimental mass differences of the light neutrinos, suggests that heavy singlets should have mass greater than 100 GeV [7] .
Reduced parameterization
Studying the influence of the randomly generated parameters we found that a reduced number of parameters is sufficient to fulfil the experimental criteria [12] of ∆m 2 , ∆m 2 atm , θ 12 , θ 13 and θ 23 . We selected several "textures" of Dirac matrices (i.e. the patterns of non-zero components), which allow the most accurate agreement to the experimental data. The texture of the matrix ∆ 1 has the largest impact to the results of oscillation angles. There are 3 best versions of the ∆ 1 textures: The textures of the matrix ∆ 2 play a subdominant role for the results. In our calculations we tailored the textures to the 2HDM scenarios. As a result, the second texture of ∆ 1 , having a 12 = b 11 = 0, was not used. The applied textures of ∆ 1 and ∆ 2 are listed in Table 2 . All non-vanishing components can have complex values. Studies of textures with one or two zero entries in the models with two heavy singlets have been reported in refs. [23] [24] [25] [26] [27] [28] . Neither of those studies considered the SM extension by 2HDM. We obtain experimentally compatible neutrino oscillation values as in the mentioned references, but our textures are tuned to provide the model parameters in best agreement with the experimental data. It is worth mentioning that the textures listed in Table 2 may be a natural consequence of a certain flavor symmetry, as discussed in refs. [29] [30] [31] .
The numerical evaluation of the model parameters and of the light neutrino masses, using the textures listed in Table 2 , is done similarly to the general case. Having picked a mass for the lightest neutrino as an input value m in ≡ m in , are generated randomly in the range from 126 to 3000 GeV. Figure 5 shows the distributions of the oscillation angles for the scenario III using the best textures for ∆ 1 and ∆ 2 . Both normal and inverted neutrino mass hierarchies are shown. In the case of the inverted hierarchy the peaks of the distributions agree very well with the experimental bounds of all oscillation angles. In the case of the normal hierarchy, the most probable value of θ 12 is slightly different from the experimental value. It is around 55 degrees, instead of the expected 33.4 degrees. However, if we extract θ 12 from sin 2 (2θ 12 ) we will find two solutions in the first quadrant. Following PDG [1] , the experimental boundaries are in the regions 32.6-34.3 degrees and 55.7-57.4 degrees which agree with the peak of the atmospheric angle. In figure 5 the resulting values of θ 13 are more localized as compared to the inverted hierarchy case. The distributions of θ 23 agree with the experimental values in both hierarchies. The same tendency of the mixing angle distributions is seen in all three scenarios of the 2HDM basis. It should be noted that for The neutrino mass spectrum is analyzed assuming that the masses of the heavy neutrinos are nearly equal, m h 1 ≈ m h 2 (the ratio m h 1 /m h 2 is 0.999). This simplifies the analysis and does not change the distributions of the light neutrino mass spectra in general terms (we can compare figure 6 to figure 2 in ref. [7] ). The masses of the light neutrinos m l i are estimated when the masses m h 1,2 vary in the range from 500 GeV to 10 10 GeV, see Figure 7 illustrates the allowed values of the Higgs masses depending on the masses of the heavy singlets m h 1,2 . Scenarios I and II are rather similar in dependencies, namely, an increase of the heavy singlet mass leads to the decrease of the Higgs masses. The mass of the second Higgs boson tends to be different from the mass of the third Higgs boson. The scenario III has different dependencies. The heavy Higgs masses tend to be equal for large values of the heavy singlet masses, and tend to be independent of it.
The values of the Higgs masses displayed in figure 7 also satisfy the experimental restrictions [1] of the oblique parameters S, T, and U, as discussed in previous chapter. Using the stronger constraint of U = 0, about 40%-65% of the values shown in figure 7 satisfy the experimental restrictions. In this case the majority of m H 0
2,3
values fall in the range of 126-1000 GeV.
The presented results are obtained using the tuned textures of Table 2 . An alternative method to reduce the parameter space of vectors a and b could be used. For example, instead of setting an entire component (a ij or b ij ) to zero, the parameter space could be limited restricting the values of these vectors to real numbers. A study of these textures will be reported in the future.
The most reduced parameterization of Dirac matrices, that still allows experimentallycompatible results of the light neutrino mass differences, has only 4 independent real parameters:
with |a i | ≤ 1 and |b i | ≤ 1, i = 1, 2. The neutrino oscillation angles evaluated in this strongly-reduced parameterization do not have the most-probable values in the experimentally determined range.
Summary
The seesaw mechanism is one of the most successful extensions of the SM which explains neutrino masses. Finite corrections to the neutrino mass matrix arise from one-loop diagrams mediated by a heavy neutrino. In our model the Higgs sector is constructed with two Higgs doublets and a CP-invariant Higgs potential which allows to distinguish four conditions for vectors b and thereby determine the scenarios (see Table 1 ) for numerical calculations. The SM Higgs mass is fixed to 125 GeV. By diagonalizing the neutrino mass matrix we obtain light neutrino masses and derive their oscillation angles. Sets of free parameters have been selected according to the distributions of oscillation angles within the experimental boundaries, when also the masses of the light neutrinos give the measured neutrino mass differences. In this paper we have studied two cases when one or two heavy neutrinos are added to the three light neutrinos. We refer to those cases as n R = 1 and n R = 2.
In the n R = 1 case with a general parametrization of the Dirac matrices there are six free complex parameters. The numerical analysis suggests a lower limit of 830 GeV for the heavy singlet mass. However, the large number of free parameters makes it difficult to find the correlations among them. By reducing the number of parameters we can study relations between them and the dependency on the heavy neutrino mass. The minimal reduction of free parameters, namely, a 1 = 0, a 12 , a 13 and a 2 = a 21 , a 22 , a 23 , allows to estimate all three oscillation angles θ 12 , θ 13 and θ 23 . The peaks of their distributions agree well with the experimental bounds. We presented results of a strongly reduced parameterization, a 1 = 0, 0, 1 and a 2 = 0, n, e iφ √ 1 − n 2 . According to the chosen minimal set of the free parameters only the angle θ 23 can be estimated. The calculated masses of the light neutrinos decrease, when the heavy neutrino mass increases. This dependency emerges from the relation of m h and θ 23 . Tuning the initial value m in , and restricting the light neutrino mass differences to the experimental central values and the oscillation angle θ 23 within 3σ, we determined for the mass of the heavy neutrino singlet a lowest limit of 10 4 GeV. When the mass of the heavy singlet m h is increasing in the scenarios I and II of the 2HDM model, the allowed values of the non SM Higgs masses tend to decrease. This tendency is absent in the scenario III, where the Higgs boson masses m H 0 2,3 get closer to each other, but stay different. We find a lower limit for the allowed values of the heavier Higgs boson mass of about 500 GeV. The values of the free parameters depend weakly on the mass of the heavy singlet m h .
The general parametrization of the Dirac matrices in the n R = 2 case has twelve complex parameters. The numerical analysis shows that the heavy singlets should have masses greater than 100 GeV. However, the most probable values of the neutrino oscillation angles are not in the experimentally determined range. We selected several textures of Dirac matrices, which allow the most accurate agreement to the experimental data. The texture of the matrix ∆ 1 has the largest impact on the values of the oscillation angles while the textures of the matrix ∆ 2 play a sub-dominant role. The used textures for normal and inverted neutrino mass hierarchies are listed in Table 2 . The neutrino mass spectrum is analyzed assuming that the masses of the heavy neutrinos are nearly equal, m h 1 ≈ m h 2 (the ratio m h 1 /m h 2 is 0.999). The masses of the light neutrinos are estimated when the masses m h 1,2 are greater than 500 GeV. The dependency of the light neutrino masses on the values of the heavy neutrino masses is similar in all three scenarios. An increase of the heavy singlet mass leads to the decrease of the non SM Higgs masses in the scenarios I and II. This tendency is absent in the scenario III, where the Higgs boson masses m H 0 2,3 tend to be equal as the masses of the heavy singlets increase. The allowed values of m H 0 2,3 can sample the entire range. Due to the large number of free parameters it is difficult to find correlations among them.
Our analysis has shown that the radiative corrections are quite sizeable and play an important role. They should be taken into account in the studies of the see-saw models. The studied case with one heavy singlet is a "toy" model because it is strongly restricted and does not provide all physical quantities. For example, the mass of the lightest neutrino is equal to zero, and we can evaluate only one oscillation angle. However, using this model it is possible to make some generalisations about the distributions of the Higgs masses and the correlations between the free parameters for models with a larger number of heavy singlets. The n R = 2 case allows the calculation of all three masses of the light neutrinos with a reduced number of free parameters. The finding of textures which allow the most accurate agreement of the oscillation angles to the experimental data could motivate some future models, for example, those based on the Abelian family symmetry or another discrete symmetry.
A Neutral Higgs mass eigenfields
Some features of formalism for the scalar sector of the multi-Higgs-doublet SM is given in ref. [2, 4] . Here we discuss the properties of the vectors b and give expressions for their calculation in the case of two Higgs doublets.
The physical neutral scalar mass eigenfields are expressed as
which are characterized by 2n H unit vectors b k ∈ C n H of dimensions n H × 1. In the matrix-vector notation, these eigenfields can be written as φ 0
. The orthonormality equations for the vectors are 
= 2m W /g. In the case of only two Higgs doublets, and due to the rotation of the Higgs fields to make the vacuum expectation value a feature of the SM Higgs field, the vector b G 0 equals
Physical Higgs fields φ 0 b k =G 0 must be orthogonal to the Goldstone field G 0 which follows from (A.2). This leads to the condition
To study the unit vectors b, introduced in eq. (A.1) (which is the same as eq. (2.2) in the text) and corresponding to the Higgs fields other than the Goldstone boson G 0 , lets define them in the following form:
From the orthogonality relations (A.2 -A.4) and due to the fixed value of b G 0 (A.5) it is possible to write the orthogonality equations for vector components in the following manner:
(A.8) where c ij ≡ cos(α ij ) and s ij ≡ sin(α ij ).
B Neutrino oscillation angles
Neutrino oscillation angles are introduced using the tree-level neutrino mass diagonalization matrix U loop and factorizing it to contain the ordinary Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing matrix. We introduce the formalism by discussing the 3 × 3 neutrino mixing case, where the relationships are simpler. Then we discuss the cases that are used in current paper, namely, (3 + 1) × (3 + 1) and (3 + 2) × (3 + 2) neutrino mixing. The simplest case (3 × 3) considers only the SM neutrinos. It is discussed in ref. [32] in a slightly different notation of the matrix elements. Factorization of the rotation matrix with the PMNS matrix included explicitly in the case 3 + 3 is discussed in ref. [13] . Here we give formulas for the intermediate cases.
The neutrino masses and the mixing angles are predicted from a given neutrino mass matrix (the "top-down" method). Exact analytical expressions for the mixing angles, Dirac and Majorana phases and formulas for the non-physical phases can be given for the 3-and 4-dimensional cases. Only numerical solutions are possible in the case of 2 additional neutrinos (the 5-dimensional case).
The 3-dimensional case
First we parameterize the neutrino diagonalisation matrix by including the PMNS mixing matrix for the 3 × 3 mixing. The neutrino mass matrix can be diagonalised by a unitary transformation U , obtained by the singular value decomposition method, see eq. (2.13). Lets denote the matrix elements in the following way:
This matrix could be factorized into three terms
where U PMNS is the standard PMNS mixing matrix for Dirac neutrinos: We used abreviations c ij ≡ cos θ ij andŝ ij ≡ e iδ ij sin θ ij , where θ ij and δ ij are the rotation angle and the phase angle, respectively. The two diagonal phase matrices are defined aŝ
There are 9 parameters: 3 mixing angles (θ 12 , θ 13 , θ 23 ); 1 Dirac phase δ 13 ; 2 Majorana phases κ 1 and κ 2 ; and the matrixÛ Comparing eqs. (B.1) and (B.2) we can find the relations between the elements of the rotation matrix in a general form and in the factorized form:
These relations are obtained comparing eq. (B.2) with the following matrix elements from eq. (B.1), forming the upper-triangular matrix: x 1 , x 2 , x 3 , y 2 , y 3 , and z 3 . Other (identical) solutions are possible, using the matrix elements y 1 , z 1 , and z 2 .
4-dimensional case
If there is one additional neutrino, decomposition of the neutrino mass diagonalization matrix into factors including the PMNS neutrino mixing matrix is more complicated. Lets define 2-dimensional rotation matrices in the 4-dimensional complex space, similarly to ref. [13] , and phase matrices:Û (4) φ = diag e iφ 1 , e iφ 2 , e iφ 3 , e iφ 4 andÛ (4) κ = diag 1, e iκ 1 /2 , e iκ 2 /2 , 1 . Note that a shorter notation can be used to define the elements of the rotation matrices:
where δ b a equals 1, when a = b, or 0, otherwise. This notation is not restricted to the 4-dimensional case.
The unitary matrix U (4x4) is parameterized by
34 R
24 R
14 · R
23 R
13 R
12 ·Û
κ , (B.13) with the PMNS matrix defined by a product of three rotation matrices:
12 .
(B.14)
There are 16 parameters in this case, namely: 6 mixing angles (θ 12 , θ 13 , θ 23 , θ 14 , θ 24 , θ 34 ); 1 Dirac phase δ 13 ; 2 Majorana phases κ 1 and κ 2 ; 3 phases δ 14 , δ 24 , δ 34 ; and the matrixÛ Because of the discontinuous nature of the square root function in the complex plane, √ xy = √ x √ y in general. Therefore a simplification of the above expressions is limited.
Due to its origin and the relations between the elements, the expressions do not contain all entries of the rotation matrix U (4×4) , defined in eq. (B.15). These relations are obtained comparing eq. (B.13) with the following matrix elements from eq. (B.15), forming the upper-triangular matrix: x 1 , x 2 , x 3 , x 4 , y 2 , y 3 , y 4 , z 3 , z 4 , and t 4 . Other (identical) solutions are possible using the matrix elements z 1 , z 2 , t 1 , t 2 , and t 3 .
5-dimensional case
To introduce factorization containing the PMNS neutrino mixing matrix in the 3 + 2 case, we first define the rotation matrices in the 5-dimensional complex space, similarly to ref. The unitary matrix U (5x5) is parameterized by
45 R
35 R
25 R
15 · R
12 · U with the inclusion of the PMNS matrix
13 R A simplification is possible in our analysis. According to the structure of the diagonalisation matrix U loop in the 4-or 5-dimensional cases, the 3 × 3 sub-matrix in the top-left corner is dominant. This sub-matrix corresponds to the matrix U PMNS . In the numerical calculation, it suffices to use the expressions B.6 in order to estimate the oscillation angles θ 12 , θ 13 and θ 23 , in the cases of n R = 1 and n R = 2. There is a numerical precision difference between the approximated angle values and the values obtained using the expressions (B.16) in the 4-dimensional case or the numerical solutions in the 5-dimensional case. The approximation speeds up the calculations significantly.
